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Let k be a ﬁeld, and A a k-algebra. In the category of A-modules,
the dual of a (faithfully) ﬂat module is a (cogenerating) injective
module. Theorems of Malgrange and Palamodov suggest that this
might be true also in the category of topologicalA-moduleswhenA
is the C-algebra C[∂1, . . . , ∂n] (Bourle`s and Oberst [1,2]). This note
presents a counter-example, namely of a ﬂat topologicalA-module
whose topological dual is not injective, but which again is ﬂat.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
Let k be a ﬁeld and A a commutative k-algebra. Let F be an A-module and D(F) = Homk(F , k)
its algebraic dual (I use the terminology and notation of Eisenbud [3] throughout). D is an exact
contravariant functor from the category of A-modules to itself. Let
0 → M1 −→ M2 −→ M3 → 0
be an exact sequence of A-modules. Suppose that F is ﬂat. Then
0 → F⊗
A
M1 −→ F
⊗
A
M2 −→ F
⊗
A
M3 → 0
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is exact, so that
0 → D(F⊗
A
M3) −→ D(F
⊗
A
M2) −→ D(F
⊗
A
M1) → 0
is also exact. But D(F⊗AMi) = Homk(F⊗AMi, k) ∼= HomA(Mi,Homk(F , k)) by the adjointness
of the pair (Hom,
⊗
). Thus
0 → HomA(M3,D(F)) −→ HomA(M2,D(F)) −→ HomA(M1,D(F)) → 0
is exact, which is to say thatD(F) is an injectiveA-module. Reversing the above argument shows that
F is ﬂat if and only if its algebraic dual D(F) is injective.
Suppose further that F is faithfully ﬂat. Then if M is any nonzero module, F⊗AM is nonzero,
so that D(F⊗AM) ∼= HomA(M,D(F)) is also nonzero, which is to say that D(F) is an injective
cogenerator. Reversing this shows thatF is faithfully ﬂat if and only ifD(F) is an injective cogenerator.
Thus one could say that in the category ofA-modules, ﬂatness and injectivity are adjoint properties,
as are also the properties of faithful ﬂatness and injective cogeneration (see also [3,7]).
Suppose now that k = C andA = C[∂1, . . . , ∂n], the C-algebra of constant coefﬁcient differential
operators on Rn. The classical theorems of Malgrange [5] and Palamodov [6] assert the following:
1. The locally convex topological vector spaceD′ of distributions on Rn, as well as the space C∞ of
smooth functions on it, are injective cogenerators as A-modules.
2. Their topological duals D and E ′, respectively, of compactly supported smooth functions and
distributions are faithfully ﬂat A-modules.
3. The space S′ of temperate distributions is an injective A-module that is not a cogenerator. Its
topological dual S , the Schwartz space of rapidly decreasing smooth functions, is a ﬂat module
that is not faithfully ﬂat (see also [8]).
As all the topological A-modules listed above are reﬂexive topological k-vector spaces, this raises
the question whether ﬂatness and injectivity are also adjoint properties in the category of topological
A-modules [1].
This question also appears in the recent paper of Bourlès and Oberst [2] where they consider the
Fréchet algebra O(Cn) of entire functions on Cn with its topology of compact convergence. If A and
F are both O(Cn), then F is a faithfully ﬂat A-module – indeed it is free – and its topological dual is
the A-module of analytic functionals. This dual is divisible, but it is not known whether it is injective
(it is not a cogenerator). See also [4,8] for the relevance of these questions in Systems Theory.
In this note I show that the answer to this question is negative by exhibiting an elementary counter-
example of a ﬂat topological module whose topological dual is not injective, but which is again ﬂat.
2. The Sobolev limits
Let k = C and A = C[∂1, . . . , ∂n]. For every s in R, the Sobolev space Hs on Rn of order s is the
space of temperate distributions f whose Fourier transform fˆ is a measurable function such that
‖f‖s =
(
1
(2π)n
∫
Rn
|fˆ (ξ)|2(1 + |ξ |2)sdξ
) 1
2
< ∞
Hs is a Hilbert space with norm ‖‖s. When s > t,Hs ↪→ Ht is a continuous inclusion. If p(∂) is an
element ofA of order r, then itmapsHs intoHs−r . If the family {Hs, s ∈ R} is considered an increasing
family of vector spaces indexed by the directed setR, then its inductive limit
→
H = lim−→Hs is the union⋃
s∈R Hs of all the Sobolev spaces and is an A-module that is strictly contained in S′. Instead, if the
family {Hs, s ∈ R} is considered a decreasing family of vector spaces, then its projective limit ←H =
lim←−H
s is the intersection
⋂
s∈R Hs of the Sobolev spaces, and is again an A-module. This intersection
contains the Schwartz spaceS but is strictly larger than it. AsZ is coﬁnal inR in either of the above two
situations, these limits are also the inductive and projective limits of the countable family {Hs, s ∈ Z}.
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Further, if each Hs is given its Hilbert space topology, then the union
→
H will be equipped with
the inductive limit topology, i.e. the strongest topology so that each Hs ↪→ →H is continuous. (As the
topology thatHs inherits fromHt for s > t is strictlyweaker, this inductive limit is not a strict inductive
limit.)With this topology
→
H is a locally convex spacewhich is bornological and barrelled. On the other
hand, the intersection
←
H with the projective limit topology, which is the weakest topology such that
each inclusion
←
H ↪→ Hs is continuous, is a Fréchet space. As the dual ofHs isH−s,→H and ←H are duals
of each other. Thus (
→
H)′ = ←H and (←H)′ = →H, so that they are both reﬂexive.
Lemma 2.1.
→
H and
←
H are both torsion free A-modules.
Proof. Suppose f is any element in
→
H or
←
H such that p(∂)f = 0 for some nonzero p(∂). Fourier
transforming implies that p(ξ)fˆ (ξ) = 0, which implies that the support of the measurable function fˆ
is contained in the real variety of the polynomial p(ξ), a set of measure zero. Hence fˆ = 0, and so is
therefore f = 0. 
Corollary 2.1. Let A = C[ d
dx
], the C-algebra of ordinary differential operators. Then the Sobolev limits
→
H(R) and
←
H(R) are both ﬂat A-modules, but not faithfully ﬂat.
Proof. As C
[
d
dx
]
is a principal ideal domain, torsion free implies ﬂat [3]. Thus it remains to show that
the Sobolev limits are not faithfully ﬂat.
Let p
(
d
dx
)
= 1 + d2
dx2
. Then for any element f in either of the two Sobolev limits, the Fourier
inverse of (1 + ξ 2)−1 fˆ (ξ) is also in the corresponding Sobolev limit. This implies that p
(
d
dx
)
deﬁnes
a surjective morphism on the Sobolev limits, so thatm
→
H(R) = →H(R) andm←H(R) = ←H(R) for the
maximal idealsm of C
[
d
dx
]
that contain p
(
d
dx
)
. This shows that the two limits are not faithfully ﬂat.

Lemma 2.2.
→
H and
←
H are not divisible (hence not injective) A-modules.
Proof. Let f in S′ be such that fˆ (ξ) equals
√
ξ in a neighbourhood of 0 and is rapidly decreasing at
inﬁnity. Such an f is in every Sobolev spaceHs, and so is in both
→
H as well as
←
H. However, the Fourier
inverse of ξ−1 fˆ (ξ) is not in any Sobolev space and is therefore not in either of the Sobolev limits.
This implies that d
dx
does not deﬁne a surjective morphism on the Sobolev limits, so that they are not
divisible (hence not injective) modules. 
Thus
Theorem 2.1. Flatness and injectivity are not adjoint properties in the category of topologicalA-modules.
While the Sobolev limits on R are ﬂat modules over the ring of differential operators, the corre-
sponding fact is false in Rn, n 2.
Example (The Sobolev–deRham complex on R3). Let A = C[∂x, ∂y, ∂z], and letm be the maximal ideal
(∂x, ∂y, ∂z) so that A/m = C. Let, as usual,
grad :=
⎛⎝∂x∂y
∂z
⎞⎠ , curl :=
⎛⎝ 0 −∂z ∂y∂z 0 −∂x−∂y ∂x 0
⎞⎠ , div := (∂x ∂y ∂z)
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and consider the free resolution of A/m
0 → A grad−→A3 curl−→A3 div−→A π−→A/m→ 0 (1)
where π is the canonical projection.
Suppose that F is S , E ′ or D. As these are ﬂat A-modules, tensoring the above sequence with F
yields the exact sequence
0 → F grad−→F3 curl−→F3 div−→F π−→F/mF → 0
SupposenowthatF isD′, C∞ orS′. As theseare injectiveA-modules, applying the functorHomA(·,F)
to (1) yields the exact sequence
0 → C πT−→F divT−→F3 curlT−→F3 gradT−→F → 0
As curl is skew symmetric, this implies that
0 → C i−→F grad−→F3 curl−→F3 div−→F → 0
is exact, where i is the canonical injection of the space of constant functions in F .
However, I will now show that the Sobolev–deRham complex
→
H grad−→(→H)3 curl−→(→H)3 div−→ →H
is not exact, and similarly for
←
H. Thus I will exhibit an element in the kernel of curl : (→H)3 → (→H)3
which is not in the image of grad : →H → (→H)3, and similarly for ←H. By the equational criterion for
ﬂatness [3], this will show that the Sobolev limits are not ﬂatA-modules (a similar example exists on
R2).
Let h be an element in the kernel of curl : (→H)3 → (→H)3. As the deRham complex is exact in the
space S′ of temperate distributions, there is certainly an f in S′ (and unique up to an additive constant)
such that grad(f ) = h. Thus h = (∂xf , ∂yf , ∂zf ). I claim that there is an f in S′ which is not in any
Sobolev space but such that ∂xf , ∂yf and ∂zf are all three in every one of them.
The Sobolev spaces are subspaces of S′ onwhich is deﬁned the Fourier transform. Hence by Fourier
transformation, the operators grad and curl become matrix operators with polynomial entries:
ĝrad = ı
⎛⎝xy
z
⎞⎠ ; ĉurl = ı
⎛⎝ 0 −z yz 0 −x
−y x 0
⎞⎠
It now sufﬁces to ﬁnd an fˆ (whereˆdenotes the Fourier transform) which is not in L2(R3) but such
that xfˆ , yfˆ and zfˆ are all in L2(R3), with respect to the measure (1 + r2)sdvol, for every s (where
r =
√
x2 + y2 + z2). But xfˆ , yfˆ and zfˆ are all in L2 if and only if rfˆ is in L2. Thus it sufﬁces to ﬁnd an fˆ
which is not in L2 but such that rfˆ is in L2.
This is elementary, for let fˆ be any function which is rapidly decreasing at inﬁnity, and which at 0
is O(rα),− 5
2
< α − 3
2
. Then∫
R3
|fˆ |2(1 + r2)sdvol =
∫
R3
|fˆ |2(1 + r2)sr2drdθdφ
This integral, in some neighbourhood 	 of 0, is therefore of the order of∫
	
r2α+2drdθdφ
which is not ﬁnite.
On the other hand∫
R3
r2|fˆ |2(1 + r2)sdvol =
∫
R3
|fˆ |2r4(1 + r2)sdrdθdφ
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is ﬁnite. Thus this f is not in any Hs whereas grad(f ) is in every Hs. The image of grad is therefore
strictly contained in the kernel of curl. Similarly the image of curl is also strictly contained in the kernel
of div. The Sobolev–deRham complex is therefore not exact at either place.
The above example shows that unlike the spaces D, E ′ and S , there is an obstruction for a kernel
to be an image in the case of the Sobolev limits on Rn, n 2. The calculation of this obstruction and
applications to behaviours of differential systems in the Sobolev limits will appear elsewhere.
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